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5 Harmonic Functions

5.1 Mean Value and Maximum

We coordinatize the complex plane by coordinates (x,y) € R? with z =
x + iy € C. The Laplace operator on the complex plane is then given by

0? 0?

Definition 5.1. Let U C C be an open set and f : U — R be twice
continuously partially differentiable. Then, f is called harmonic iff it satisfies
the Laplace equation

Af =0.

Proposition 5.2. The real and the imaginary part of a holomorphic function
are harmonic.

Proof. Exercise. O

Proposition 5.3. Let U,V C C be open and f € O(U) such that V C f(U).
If g : V — R is harmonic, then go f : U — R is also harmonic.

Proof. Exercise. O

Lemma 5.4. Let D = C or D =D and u : D — R a harmonic function.
Then, there exists a harmonic function v : D — R such that u+iv € O(D).

Proof. Define the continuously partially differentiable function v : D — R
given by

v(x,y) = /Oy Ug(z, t) dt — /095 uy(s,0)ds V(z,y) € D.

Differentiating by 0/0z and using that u is harmonic we get

v (x,y) = /Oy Uz (2, 1) dt — uy(z,0)

y
= —/ Uyy (2, t) dt — uy(x,0)
0

= —uy(x,y) + Uy(l',o) - uy(x70)

= —uy(z,y).
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Note that the interchange of differentiation and integration in the first step
is permitted since the integrand is continuously differentiable and the in-
tegration range compact. On the other hand, differentiating by 9/0y we
obtain

Uy(%?/) = ux(l"y)

Thus, the pair (u,v) satisfies the Cauchy-Riemann equations so that u + iv
is holomorphic according to Proposition 1.3. U

Theorem 5.5. Let D C C be a homologically simply connected region and
u: D — R be harmonic. Then, there exists a harmonic function v: D — R
such that u +iv : D — C is holomorphic.

Proof. If D = C then Lemma, 5.4 directly applies and we are done. Suppose
therefore that D # C. By the Riemann Mapping Theorem 4.36 there exists
a biholomorphic map f : D — D. By Proposition 5.3, wo f~! : D — R is
harmonic. Applying Lemma 5.4, there exists a harmonic function w : D — C
such that uwo f~! +iw : D — C is holomorphic. Define v : D — R by
v :=wo f. Then, v is harmonic by Proposition 5.3 and v +iv : D — C is
holomorphic. O

Proposition 5.6. Harmonic functions are infinitely differentiable.

Proof. Exercise. O

Theorem 5.7 (Mean Value Theorem). Let D C C be a region and u : D —
R harmonic. Suppose a € D and r > 0 such that By(a) C D. Then,

u(a) = % /OQﬂu (a + reie> dé.

Proof. Choose s > r such that Bs(a) C D. By Theorem 5.5 there exist a
harmonic function v : Bs(a) — C such that f := u+1iv : Bs(a) — C is
holomorphic. Applying the Cauchy Integral Formula (Theorem 2.20) to f
at the point a with path 0B, (a) we obtain,

fla) = 2;/8&(&)5(_%(14_ 217T/027rf <a+reie> dé.

Taking the real part on both sides yields the desired result. O
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Definition 5.8. Let D C C be a region and u : D — R continuous. We say
that v has the mean value property iff for all a € D and all r > 0 such that
B,(a) C D we have

1 2w

u(a) u (a + reie) dé.

It turns out that the mean value property implies harmonicity.

Theorem 5.9 (Maximum Principle). Let D C C be a region and v : D — R
a continuous function with the mean value property. Suppose that u has a
mazimum at some point a € D, i.e., that u(z) < wu(a) for all z € D. Then u
18 constant.

Proof. Define
A:={z€ D :u(z) =u(a)}.

Since u is continuous, A must be closed in D. We proceed to show that A is
also open. Let zp € A and r > 0 such that B,(z9) C D. Choose b € B,(2)
and set s := |b — zp|. By the mean value property

1 2m )
u(zp) = 277/0 u (zo + sela> dé.

The integrand is continuous and everywhere smaller or equal to u(zg). Hence,
for the equality to hold, we must have u (2o + sel) = u(z) for all @ € [0, 2).
In particular, u(b) = u(z9) = u(a) and hence b € A. Since b was chosen
arbitrarily we have B,(z9) C A, showing that A is open. Since A is non-
empty, closed in D and open, we must have A = D. Thus, u(z) = u(a) for
all z € D and wu is constant. O

Proposition 5.10. Let D C C be a bounded region and w : D — R a

continuous function with the mean value property in D, satisfying u|sp = 0.
Then, u = 0.

Proof. Exercise. O

Exercise 61. Show the following version of the maximum principle, which
is more similar to Theorem 2.33: Let D C C be a region and f : D — C
a continuous function satisfying the mean value property. Suppose that |f|
has a maximum at some point a € D, i.e., that |f(z)| < |f(a)| for all z € D.
Then f is constant. [Hint: Consider the function g(z) := R(f(2)/f(a)).]
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5.2 The Dirichlet Problem
Definition 5.11. The function P : D — R given by

1+ 2
1—=2

P(z):%( > VzeD

is called the Poisson kernel. For 0 < r < 1 and 8 € R it is also common to
use the notation

P.(0) =P (reie) .
Proposition 5.12. The Poisson kernel P has the following properties:
1. P is harmonic.
2. For all z=1é €D,

1—|z)? 1—r?
P.(0) =P(z) = = .
(6) (2) 1—22 1—2rcosf+r?

3. P(z) >0 for all z € D.
4. Pr(—0) = P(Z) = P(2) = P.(0) for all z = re? € D.

5. forall z=re? €D,

P0)=Pz) =1+ ("+7") = >  rllem
n=1 n=—oo
6. For all 0 <r <1 we have
1 P 1 [
(©) d¢ = P.(6)do = 1.

27 Jop,0) ¢ o),

7. For all0 <r <1 and 0 < |6] < |0| <7 we have P.(0) < P.(9).

8. For each 0 < § < 7 and € > 0 there exists 0 < p < 1 such that for all
p<r<1landd<|0 <m we have |P.(0)| < e.

Proof. 1. By definition, the Poisson kernel is the real part of a holomorphic
function. Thus, it is harmonic by 5.2. 2. Elementary calculation. 3. This
follows immediately from 2. 4. This follows immediately from 2. 5. Exercise.
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6. Note that for 0 < r < 1 the series representation given in 5. converges
uniformly. So, we can exchange summation and integration to get,

I — 1 [™
— | P = — n0dh = 1.
2 | PO n:zoo%/_we a6

7. This follows easily from 2. 8. Fix 0 < 6 < m and € > 0. Then, P.(§) — 0
for r — 1— using 2. Thus, there is 0 < p < 1 so that |P,(0)] < eif p <7 < 1.
Using 7. completes the proof of 8. ]

Theorem 5.13. Let b: 0D — R be continuous. Then, there exists a unique
continuous function u : D — R such that u|sp = b and u is harmonic in D.
Moreover, for all0 <r <1 and 6 € R,

u (rei9) - % /_ 7; B0 — 6)b (ei¢) dé.

Proof. Define u(z) for z € D by the stated formula and u(z) := b(z) for
z € 0D. We first show that u is harmonic in D. We note that for z € D,

u(z) = % /7r R <i+zz_z> b (ei¢> do

—T
1 [ etz ;
_%(%/_ﬂei¢_zb<e¢> d¢>.
Note that the integrand in the last expression is continuous as a function
of (¢,z) € R x D and holomorphic as a function of z € D for each value
of ¢ € R. That is, we can apply Lemma 2.42 to conclude that the integral
defines a holomorphic function in D. But by Proposition 5.2, the real part
of this function is harmonic.
We proceed to show that u is continuous in D. Since continuity in D

follows from harmonicity it suffices to consider points in the boundary of D.

In particular, it is enough to show the following: Given ¢ € [—m,7) and
€ > 0, there exist § > 0 and 0 < p < 1 such that

‘u (T€i9> —b(eiw)‘ <e Vp<r<1,V0e (y—105,9+59).

We proceed to find such § and p given ¢ and e. By continuity of b, there
exists > 0 such that

]b(ei‘)) —b(eiw)‘ <§ VO € (4 — 0,40 + 0).
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By Proposition 5.12.8, there exists 0 < p < 1 such that

5O < 4lp + D

Now let 6 € (¢ — 6,1+ 0) and 0 < r < p. Then,

u(re?) =5 () = |z [ RO =0 () do - (@w)‘

—Tr

L R (o) -0 (+)) 09

< [ nio- () o) o

—T

Vp<r<1,¥6/2 < 10| <.

B % |6—p|<s (8= 9) ‘b (ei¢> - (eiw)‘ d¢
* % |60 B0 =9) ‘b (ew) Bk (ew)) d¢
1 €
< % 6l<s Pr(e - ¢)§ d¢

1 €
"o — = 2l|bllep d
27 /¢w|>5 A([bllop + 1) 1b]lop d

1 ™ € 1 T €
<%/WPT<9—¢>2d¢+%/ﬂ2d¢
— €.

Here, we have used the properties of the Poisson kernel given in Proposi-
tion 5.12 parts 3. and 6.

It remains to show uniqueness of the function w. Suppose there was
another function v : D — R with the required properties. Then, the dif-
ference u — v would be continuous on D and harmonic in D. Furthermore,
(u—v)|sp = 0, so by Proposition 5.10, u —v =0, i.e., u = v. O

Definition 5.14. We call a region D C C disk-like iff there exists a confor-
mal equivalence D — D which extends to a homeomorphism D — D.

Remark 5.15. A disk-like region is in particular homologically simply con-
nected and bounded.

Theorem 5.16. Let D C C be a disk-like region. Let b : 0D — R be
continuous. Then, there exists a unique continuous function u : D — R such
that u|pp = b and w is harmonic in D.
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Proof. Exercise. O

Theorem 5.17. Let U C C be open and v : U — R be continuous with the
mean value property. Then, u is harmonic.

Proof. Let a € U and r > 0 such that B,(a) C U. It is sufficient to show
that w is harmonic in By(a). Since By(a) is disk-like there exists by Theo-
rem 5.16 a continuous function v : B,(a) — R which is harmonic in B, (a)
and coincides with u in 0B, (a). But the difference v —v : B,(a) — R is con-
tinuous, has the mean value property in B,(a) and vanishes on the boundary
0B, (a). Thus u = v also in B,(a) by Proposition 5.10. In particular, u is

harmonic in By (a). O




